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Abstract 

We obtain a new definition of the ramification subgroups of the ab- 
solute Galois group of a complete discrete valuation field with perfect 
residue field in terms of Fontaine's property (P m ). 

1 Introduction 

Let K be a complete discrete valuation field with perfect residue field k of 
characteristic p > 0, Ok its valuation ring, vk its valuation normalized by 
vk{K x ) = Z, i^ alg a fixed algebraic closure of K and K the separable closure 
of K in i^ alg . In this paper, we construct a certain decreasing filtration of 
the absolute Galois group Gk '■= Gal(K/K) to measure the ramification of 
extensions of K. If L is a finite separable extension of K, we denote by Ol 
the integral closure of Ok in L. For an algebraic extension E of K and a real 
number m, we put a^^ K := {x £ Oe\vk{x) > to} which is an ideal of Oe- 
For a finite separable extension L/K and a real number m, we consider the 
following property studied in |Fo| : 

(Pm) For any algebraic extension Ej K if there exists an OK-algebra 

homomorphism Ol — * ^e/<^e/K' then there exists a K-embedding 
E. 

For a finite separable extension L of K, we put 

m L j K '■= inf{m G E | (P m ) is true for L/K }, 

where L is the Galois closure of L over K . If L = K, (P m ) holds for all real 
numbers m, so that we have ttil/k = -co. The number m^/K has the following 
properties: 

(i) The number uil/k is non-negative and finite if [L : K] > 2. 

(ii) It is stable under unramified base change. 

(iii) L/K is unramified if and only if m L / K < 0- 

(iv) L/K is at most tamely ramified if and only if m^/K < 1- 

Moreover, the property (P m ) is stable under composition of extensions of K. 
Hence we can define a filtration of Gk as follows: For a real number to, we 
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denote by K m the union of all finite Galois extensions L of K such that mi /k < 
m. We define a closed normal subgroup G^ of Gk by 

G£ l1 :=G & \{K/K m ). 

This filtration (G^) me R has the following properties corresponding to those 
of rn L/K : 

(i) It is separating and exhaustive. 

(ii) It is stable under base change. 

(hi) For a real number < m < 1, G^ is the inertia subgroup of Gk- 
(iv) G K + ^ := U m >i @k ^ s tne wua - inertia subgroup of Gjf. 

On the other hand, we denote by G^ 1 "* the m-th upper numbering ramifi- 
cation group in the sense of Namely, we put G^™ } := G^"\ where the 
latter is the upper numbering ramification group defined in [Sej . This filtration 
(Gjf 1 )mdR is well-known in the classical ramification theory. 

Our main result in this paper is: 

Theorem 1.1. For a real number m, we have G^ 1 =g£ i) . 

We prove this theorem by showing the equality m L / K = u L / K for a finite 
Galois extension L of K, where u^/k is the greatest upper ramification break 
of L/K in the sense of [Fo] . 

The property (P m ) is useful for obtaining a ramification bound of some Ga- 
lois representations ( |CLj . |Foj . |Halj ). Indeed, Fontaine proved the following: 
in the case where the characteristic of K is 0, for an integer n > 1, if we denote 
by 9 a finite flat group scheme over Ok killed by p n , then the ramification 
of 5(K) is bounded by m if m > e(n + jzj), where e is the absolute ramifi- 
cation index of K (|Fo|. Thm. A). This is extended to the imperfect residue 
field case by Hattori ( HaJ. , Thm. 7). Our equality m L j K — ul/k was used 
in [Halj . Proposition 5.6 to improve the ramification bound for semi-stable 
torsion representation. 

In Section 2, we study some properties of (P m ) and the number m^/K- By 
using these results, we define our filtration of Gk and deduce its properties (i)- 
(iv) above. In Section 3, to prove Theorem ll.il we show the equality m^/K = 
u l/k after recalling the classical ramification theory for separable extensions 
of K ( |De| . [He] ) . In the Appendix, we begin with a review of the ramification 
theory of Abbes and Saito ( jASlj . [AS2] ). After this, we generalize the property 
(P m ) to the imperfect residue field case, and translate our results in Section [3] 
to the language of their theory. 

Notation. If L is a finite extension of K in i4T alg , then we denote by e^/K the 
ramification index of L/K and by Ol the integral closure of Ok in L. We 
extend the valuation vk of K to iiT als uniquely and also denote it by Vk- 
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2 Ramification theory via (P m ) 

In this section, we study the property (P m ). Let m be a real number. For a 
finite separable extension L of K, we put 

m L j K := inf{m 6 K | (P m ) is true for L/K }, 

where L is the Galois closure of L over K . If L = K . the property (P m ) holds 
for all real number m, so that we have m L /K = — oo. The following proposition 
is a basic property of the number m L / K : 

Proposition 2.1. Let L be a finite Galois extension of K . Then the number 
m L/K is non-negative and finite if [L : K] > 2. 

Proof. If [L : K] > 2, it is clear that (P m ) is not true for L/K and any real 
number m < 0. Thus we have m L /K > 0. Hence we show the number m L /K 
is finite. Choose an element a of Ol such that Ol — Ojf[a]. Let P be the 
minimal polynomial of a over K and a = ai, . . . , a n the zeros of P in K. 
Suppose there exists an O^-algebra homomorphism i] : Ol — > OeI^e/ k for 
an algebraic extension E of K and m > nsup^ vk{ol — ai). Then we have 
vk{P{0)) > m, where (3 is a lift of i](a) in Oe- By the inequalities 

n sup v K ((3 - on) > v K (P((3)) > nsup v K (a - a;), 

we have vk(P — oti ) > sup^ vk (a — cti) for some «o- By Krasner's lemma, 
we have K{ai ) C K(j3). Thus we obtain a -ftT-embedding L = K(a) ^ K(cti ) 
C K{(3) C E. Hence (P m ) is true for m > nsup,^ vk(c( — ai). Therefore, we 
have m L / K < nsup,^ VK{a — ai) < oo. □ 

Let L be a finite separable extension of K. Choose an element a of Ol such 
that O l = K [a\. We denote by P{T) e O k [T] the minimal polynomial of a 
over K. Let a — a%, . . . , a n be the zeros of P in K. For an algebraic extension 
E / K and a real number m, suppose there exists an O^-algebra homomorphism 
T] : O l -> E /a^ /K . Take a lift (3 of 77(a) in O e . Then we have v K (P(j3)) > m. 
If the value sup i Wi<-(/3 — a;) is sufficiently large, Krasner's lemma implies the 
existence of a if-embedding L > _E. Thus our interest is in the relation between 
vk(P(J3)) and sup i vk(P — ai). More generally, we consider the value vk(P(z)) 
with z £ 0R-ai g instead of /3 above. We may assume that ux(z-qi) is the largest 
value in the set {vk(z — ai)}i—% t ... >n . Since vk(z — a,) = vk(z — a± + (a% — 
we have 



v K {z - a^ = 



v K (z-ai) if v K (z - qi) < v K (a 1 - a^, 
Wif(ai-ai) if «i<r(-2 - ai) > - ai)- 
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This implies 

v K {P{z))= ^2 v K (z-ax)+ ^2 v K {oti-cti)- 

v K (z-ai)<v K (ui-Ui) VK(z-ai)>v K (a 1 -u i ) 

Since Gk acts oncn,...,ff n transitively and this equality, the value Vk(P(z)) 
depends only on sup, {vk (z — a^)}. Hence we consider a natural function tpL/K '■ 
R> -> M> defined by 

U = SUp {V K (Z - Oi)} h-> v K (P(z)). 

i 

By definition, this function is piecewise linear, continuous and bijective. Hence 
we can define its inverse function ipL/K- 

Remark 2.2. We can easily check that the function <£l/k defined above co- 
incides with tfL/K defined in Section [3] 

We can easily check the equality m L / K = m L j K , for any unramified sub- 
extension K'/K of L/K. This often allows us to assume that L/K is totally 
ramified. More generally, the number iul/k is stable under unramified base 
change as follows: 

Proposition 2.3. Let L be a finite Galois extension of K. Then we have the 
inequality e^' /K m L/K > m LK'/K' f or an V finite separable extension K' of K , 
with equality if K'/K is an unramified Galois extension. 

Proof. Put V := LK 1 and e' :— e K ,/ K . Suppose there exists an Oif-algebra 
homomorphism n : Ol' — * Oe/o^, k , for an algebraic extension E of K' and 
to > e'm L /K- Then the composite map defined by 

7/ : O l — O l , A E /a^ /K , = E /a e E y K m 

is an Ox'-algebra homomorphism. In particular, rj is an O^-algebra homo- 
morphism. By the property (P m ), there exists a if-embedding L ► E corre- 
sponding to 77'. Since L/K is a Galois extension, there exists a if '-embedding 
L' = LK' E. Hence (P m ) is true for L'/K' and m > e'mL/K- Thus we have 
the inequality e'mL/K > m L'/K'- Next, assume K'/K is an unramified Galois 
extension. Then we show the inequality tul/k < m L'/K'- We may assume L/K 
is totally ramified. Note that L D K' = K . Suppose there exists an Ok -algebra 
homomorphism 77 : Ol — > Oe/o^jk f° r an algebraic extension E of K and 
m > m L t/ K t. Choose a uniformizer a of Ol- Let (3 be a lift of 77(a) in Oe- 
Since L/K is totally ramified and K'/K is unramified, a is also a uniformizer 
of Ol>- Hence the map Ol> — > Oek' /&ek' /k< defined by a 1— > /3 is an Or-/- 
algebra homomorphism. By the property (P TO ), there exists a if -embedding 
L' <^-> .Eif'. Since both L and if' are Galois extensions of K and LD K' = K, 
the image of the composite map L <—* L' <^-> Sif' is contained in £7. Therefore, 
(P m ) is true for L/if and to > m L >/K'- Hence the result follows. □ 

To define a filtration of Gk, we show that the property (P m ) is stable under 
composition of finite Galois extensions of K as follows: 
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Proposition 2.4. Let L and K' be finite Galois extensions of K . For a 
real number m, if (P m ) is true for both L/K and K'/K, then (P m ) is also 
true for the composite extension LK'/K. In other words, we have tulk'/k < 
max{m L/K ,m K , /K }. 

Proof. Put V :— LK' . Assume (P m ) is true for L/K and K'/K. Suppose there 
exists an ©^--algebra homomorphism -q : Ol' —> O e /o^j k f° r an algebraic 
extension E of K. Then the composite maps defined by 

rf : O l O v A G E /a% /K , n" : O k > O l > A (D E /a% /K 

are also Oif-algebra homomorphisms. By the property (P m ), this implies the 
existence of A-embeddings L > E and K' > E by the assumption on m. Since 
L/K and K'/K are Galois extensions, we obtain a A-embcdding L' <^-> J5. 
Therefore, (P m ) is true for L'/if. □ 

By Proposition ^. 41 the union of all finite Galois extensions of K such that 
ra L j K < m denoted by K m is a Galois extension of K. We put G^ := 

Gal(A/A m ) which is a closed normal subgroup of Gk- Clearly, (G^ l ') m >o 
forms a decreasing filtration of Gk- 

Finally, we consider relations between the number vtll/k and the ramifica- 
tion of L/K. Let I be a finite separable extension of K. Choose an element 
a e O l such that O l = Ox[a]. Let P(T) G O k [T] be the minimal polynomial 
of a over K and a = a%, . . . , a n the zeros of P in K. 

Proposition 2.5. Let L be a finite Galois extension of K and m a real number. 
Then the following conditions are equivalent: 

(i) L/K is unramified. 

(ii) m L/K <0- 

(iii) m L/K < 1. 

Proof . First, assume L/K is unramified. Suppose there exists an O/f-algebra 
homomorphism n : 0l — > Oe/u'e/k f° r an algebraic extension A of A" and 
m > 0. Since Ol is formally etale as an O^-algebra, we see r\ lifts uniquely 
to an Ox-algebra homomorphism O l -> Cb (c/. [GT3] . Oiy.19.10.2). Thus (i) 
implies (ii). Since it is clear that (ii) implies (iii), it is enough to verify that (iii) 
implies (i). We may assume L/K is totally ramified. Assume &lIk > 2. Take 
a totally ramified extension A of A such that &e/k = &l/k — 1 and choose 
a uniformizer [3 of Oe- Then the map Ol ~ > Oe/&e/k defined by a 1— ► /3 
is an O^-algebra homomorphism since vk(P(P)) = L However, there is no 
A-embedding A ^ A. Therefore, (P m ) is not true for L/K and m = 1. Hence 
the result follows. □ 

Lemma 2.6. Let L be a finite separable extension of A. Put e := RlIk, f '■= 
supjjj vk{o.\ —cti) and d :— E^i Uk(o!i — Oj). Suppose L/K is totally ramified 
and e > 2. Then we have 

where h is the cardinality of the set {ai\vk(a>i — cti) > /}. 
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Proof. To prove this, we show the equality <Pl/k(J ~ 1/he) = f + d — 1/e. It 
is enough to show that if sup^ Vk{z — a,) =/ — l//ie, then we have Vk{P{z)) = 
f + d — 1/e, where z is an arbitrary element of K. We may assume supj vk {z — 
on) = vk{z — ai). Since Vk{oh — an) 6 for any i, we have 

v K (P(z))= {f ~-k )+ ^ ««:(«! -«0 

f-£<VK (ai-a f ) f--^> v K (ai-ai) 

fff(ai-ai)#/ 

= /-- + ((/i-l)/+ V wx(ai-ai)) 
e 



VK(ai—ai)^f 



f--+d. 

e 



The proof is done. □ 

Proposition 2.7. Let L fee a finite Galois extension of K and m a real number. 
Then the following conditions are equivalent: 

(i) L/K is at most tamely ramified. 

(ii) m L / K <l. 

Proof. Assume L/K is tamely ramified. Suppose there exists an O^-algebra 
homomorphism n : Ol — > OeI&e'/k for an algebraic extension E of K and 
m > 1. Assume — c*i) = sup i — ctj), where /? is a lift of 77(0*1) in Oe- 
Then we have 

1 < m < v K {P(P)) < v K {(3 - ai) + ^ i) K (a 1 - ai). 

Note that w ft"( a J _ a i) = v k(^>l/k) = 1 — e Z/if' wnere is the 

different of L/K. Hence we have 

sup v K (cti - ai) < — !— < - ai). 

By Krasner's lemma, there exists a if-embedding L <^-» E. Therefore, (P m ) 
is true for L/K and m. Thus (i) implies (ii). Next, we show that (ii) implies 
(i). Suppose L/K is wildly ramified. Then we show the inequality tul/k > 
1. We may assume L/K is totally ramified. Put d := Vk(^l/k) an d / := 
su Pi/i v k{oh — on)- Then, since d > 1, we have / > l/(e L /K — l)d > l/e L / K . 
Therefore, we have m := d + f — e^j K > 1. Since e L / K m > e L / K and e L / K m 
is a positive integer, there exist unique integers s and r such that e L / K m — 
e L/K s + r, 1 < s and < r < e L / K . If r = 0, then we have s > 1. Take an 
element aoiK such that Vk{o) = s. Put P(X) := P(X)— aX r . This polynomial 
is still an Eisenstein polynomial over K whose degree is &lik- Choose a zero [3 
of P in K and put E := K((3) which is a totally ramified extension of K. Since 
Vk(P{(3)) = vx{a) +r/e L / K = m, the map Ol — > Oe/v^/k defined 
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is an O/f-algebra homomorphism. If there exists a if -embedding L E, then 
we have L = E. The number e^/K^Kifi — on) is an integer for any i since L/ K 
is a Galois extension. By the definition of ipL/Kj 

e-L/K^L/K{vK{P(P))) = e L/K sup v K {j3 - an) G Z. 

z 

On the other hand, Lemma 12.61 implies 

&l/k^l/k{v k {P{^))) = e L / K i) L / K (v K {m)) = e L/K / - - £ Z, 

where /i is the cardinality of the set {aij^if (ai — aj) > /}. This is a contradic- 
tion. Hence there is no if-embedding L ^ E. Thus (P m ) is not true for L/K 
and m. This implies our result. □ 

By the properties of the number tul/k, our filtration (G^) me R has the 
following properties: 

Theorem 2.8. Let m be a real number. Then we have: 

(i) G [ ™ ] = G K i/m < 0. Moreover, we have \J m G [ ™ ] = 1 and f| m G 1 ™ 1 = G K . 

(ii) Let K' be a finite separable extension of K , of ramification index e' . We 
identify the Galois group Gk' '•= Gal(K / K') with a subgroup of Gk- Then, 

for a real number m > 0, we have G K ™^ C G^\ with equality if K' /K is 
unramified. 

(iii) For a real number < m < 1, G^ is the inertia subgroup of Gk- 

(iv) G K + ^ :— lj m>1 G^ 1 ' is the wild inertia subgroup of Gk- 

Proof . The assertion (i) follows from Proposition ^. 31 (ii) follows from Proposi- 
tion ^^! (iii) follows from Proposition ^. 51 (iv) follows from Proposition ^. 71 □ 

3 Ramification breaks 

In this section, we compare our ramification filtration with the classical one. 
First, we recall the classical ramification theory for separable extensions of 
K studied in |Dej and |He| . Let L be a finite separable extension of K. Put 
Hk(L) := Hom A (L, K). The order function \l/k is defined on Hk(L) by 

i-L/K (c) := m f v K (o-(a) - a), a G H K (L). 
The transition function <Pl/k : M — » K of i /if is defined by 

Vl/k{u) ■= / c&rd(H K .t(L))dt 
Jo 

where card(i?if i t(L)) is the cardinality of HK,t{L). We also define the order 
function vl^/k by 

u L/if(°") == <?l/k(Sl/k{o))- 

Then the ramification sets H K (L) in the upper numbering are defined for a real 
number u by 

H K (L) := {a G ff*(L) | u L/A -(a) > u}. 
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If L is a Galois extension of K with Galois group G, then we have H K (L) = G (m) 
by definition, where the latter is the upper numbering ramification group in the 
sense of |E]. Namely, we put := G"" 1 , where G u is the upper numbering 
ramification group defined in [Sej . 

Proposition 3.1 ( [De| . Prop. 6.1). Let u be a real number and L a finite 
separable extension of K. We denote by 1 the identity map of L into K. Then 
the following conditions are equivalent: 

(i) H K (L) — 1, where L is the Galois closure of L over K. 

(ii) H K (L) = 1. 

Let L be a finite separable extension of K . We denote by Ul/k the greatest 
upper ramification break of L/K defined by 

u L/K := inf{u e R | H K (L) = 1}. 

We put uk/k — — °o by convention. The next lemma is a basic property of the 
number u l /k'- 

Lemma 3.2. For finite separable extensions K C M C L, we have um/k < 
u l/k ■ 

Proof. We may assume L and M are Galois extensions of K by Lemma lOl We 
denote by G and H the Galois groups of L/K and L/M each other. For a real 
number u, we identify G^H/H with a subgroup of Gal (M/K). Then we have 
G^H/H = G&\(M/K)^ ( Se], Chap. IV, Prop. 14). Hence G^ = 1 implies 
Gal (M/K)W = 1 for a real number u. Thus we obtain the inequality. □ 

Fontaine proved the following proposition: 

Proposition 3.3 (|Fo , Prop. 1.5). Let L be a finite Galois extension of K and 
m a real number. Then there are the following relations: 

(i) If we have m > Ul/k, then (P m ) is true. 

(ii) If (P m ) is true, then we have m > Ul/k ~ e Z/if ■ 

By this proposition, we have the inequalities 

ul/k ~ e-l) K < m L/K < u L/K , 

for a finite separable extension L of K. More precisely, we have the following 
equality: 

Proposition 3.4. For a finite separable extension L of K , we have m L / K = 
ul/k- 

Proof. We may assume L/K is a Galois extension by Lemma 1331 It is enough 
to show that (P m ) is not true for L/K and m < Ul/k- T ne t w0 numbers m L /K 
and Ul/k are stable under unramified base change. Thus we may assume L/K 
is a totally ramified extension. If L/K is a tamely ramified extension, (P m ) is 
not true even for m = ul/k as shown in the proof of [Foj . Proposition 1.5, 
(ii). Therefore, we may assume L/K is a wildly ramified extension. To prove 
this proposition, we shall find a counter-example to (P m ) for L/K and m = 
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Ul/k — e'^ 1 , where e' can be taken an arbitrarily large number. Take a finite 
tamely ramified Galois extension K' of K. Put L' := LK' and e' := e^/ If we 
apply (ii) of Proposition l3~3l to V /K , then there exists an algebraic extension E 
of K such that there exists an Ox-algebra homomorphism 77 : Ol 1 — ► Oe/o'^° k , 
but there is no if-embedding L' <^-> £J, where mo := Ul'/k — e /_1 . By Lemma 
13. 2| we have mo > mi, where mi :— ul/k^^' 1 - Consider the two O^-algebra 
homomorphisms defined by composite maps: 

7/ : O l - O h , A E /a™° /K -» E /a™) K , v" ■ O k , - O l > ^ E /a™° /K . 

Since K'/K is a tamely ramified extension, we have uk'/k < 1- O n the other 
hand, since L' / K is a wildly ramified extension, we have e'mo > e' as shown 
in the proof of [FoJ, Proposition 1.5, (ii), hence we deduce mo > 1. Thus we 
have mo > u K i/ K . According to (i) of Proposition 13.31 for K'/K, there exists 
a -fT-embedding K' E corresponding to 77". If we suppose there exists a 
if-embedding L E, then there exists a if-embedding L' = LK' <^-> E since 
LJK and K'/K are Galois extensions. This is a contradiction. Therefore, (P m ) 
is not true for L/K and m = mi. Hence the result follows. □ 

Remark 3.5. By Proposition ^. 41 Lemma I3T21 and Proposition ^. 41 we deduce 
the equality u L k'/k = m&x{u L / K , uk 1 ik) f° r any finite separable extensions 
L and K' of K. 

Theorem 11.11 follows from Proposition [331 



4 Appendix 

First, we recall the ramification theory of Abbes and Saito ( |ASlj . [AS2J). In 
Subsection 14. 1[ we generalize the property (P m ) to the imperfect residue field 
case. In Subsection l4.2[ we translate our results in Section [3] to the language of 
Abbes and Saito's ramification theory. Let K he a complete discrete valuation 
field whose residue field may not be perfect and Gk the absolute Galois group of 
K . Abbes and Saito defined a decreasing filtration (G^) m >o by closed normal 
subgroups G^J of Gk indexed with rational numbers m > 0, in such a way that 
H TO >oG^ = 1, G K = Gk and G K is the inertia subgroup of Gk- It is defined 
by using certain functors F and F m from the category TEk of finite etale 
if-algebras to the category Sk of finite G^-sets. We recall here the definition 
of F and F m assuming for simplicity that m is a positive integer. Let L be 
a finite etale K- algebra, and let Ol be the integral closure of Ok in L. We 
define F(L) := Homx(L, K) = Homo K (Ol, O k )- The functor F gives an anti- 
equivalence of TZk with Sk, thereby making TEk a Galois category. To define 
F m , we proceed as follows: An embedding of Ol is a pair (B, B — * Ol) consisting 
of an Ok -algebra B which is formally of finite type and formally smooth over 
Ok and a surjection B — ■» Ol of Ojy-algebras which induces an isomorphism 
B/rrin — > Oi/m, where me and ttil are respectively the radicals of B and Ol 
(cf. [A"S2] . Def. 1.1). Let I be the kernel of the surjection B —> Ol- Define 
an affinoid algebra over K by S m := B[//tt^] a ® 0k K, where A means 
the 7Tif-adic completion. Let X m (M — > Ol) be the affinoid variety Sp(23 m ) 
associated with H m , For any affinoid variety X over K, let ttq(X k ) denote 
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the set lim tto(X (S>k K') of geometric connected components, where K runs 

< K' 

through the finite separable extensions of K. Then we define the functor F m 

by 

F m (L):= lim n Q (X m (M ^ O l ) r ), 

where (B — > Ol) runs through the category of embeddings of Ol {cf. [AS2] . 
Def. 1.1). The projective system in the right-hand side is constant ( |ASlj . Lem. 
3.1). The finite set F(L) can be identified with a subset of X m (B ->■ O l )(K), 
and this causes a natural surjective map F(L) — > F m (L). The m-th ramification 
subgroup is characterized by the property that F(L)/G^ = F m {L) for all 
i. If the residue field of if is perfect, this filtration (G*£) m defined as above 
coincides with the classical one (G^) m defined in Section 3 (cf. [ME], Ex. 
6.1). 

4.1 Imperfect residue field case 

In this subsection, we generalize the property (P m ) to the imperfect residue 
field case. Hence we assume the residue field of K may not be perfect once more. 
Let L be a finite separable extension of K and m a rational number. If X is an 
affinoid variety over K and a; is a point of X, we denote by X x the geometric 
connected component of X which contains x. The ring Ol is a complete inter- 
section over Ok- Namely, we have Ol — Ok[X\, . . . , X n ]/(fi, . . . , /„) f |ASlj . 
Lem. 7.1). We denote by x\, ■ ■ ■ ,%d the common zeros of f%,..., f n in K n . 
Consider the following property for L/ K and m: 

(Qm) F° r eac/i z £ X m (Oj £ -ai g ) 7 there exists a common zero x of 
/l, . . . ,/n OT .K^ which is K(z) -rational. 

We can easily check that if Ol is monogenic extension over Ok, this property 
coincides with (P m ). On the other hand, we consider the following property for 
L/K and m: 

(R' m ) For each z G X m (C^-ai g ), there exists a common zero x of 
fx, . . . , /„ in K n such that z g" X Xi for any Xi except x. 

By definition, the property (R„) is equivalent to the bijectivity of F(L) — ► 
F m (L). Let c l /k be the conductor of L/K, which is defined by cl/k '■= inf 
{m e Q> | (Rm) is true for L/if.} f [X5T] . Def. 6.3). Then wc can show the 
following proposition which is a generalization of (i) of Proposition 13.31 to the 
imperfect residue field case: 

Proposition 4.1. If (K' m ) is true, then (Q' m ) is true. In particular, we have 
the inequality m,L/K < C-hlK f or a finite separable extension L of K . 

This follows from the following lemma which is a version of Krasner's lemma. 
This is due to Hiranouchi and Taguchi. 

Lemma 4.2. Let X be an affinoid variety over K , and let x, y be two points of 
X(K Assume the G ' K-conjugates of x are contained in different geometric 
connected components of X each other and that y is in the geometric connected 
component X x which contains x. Then K(x) C K(y). 
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This lemma is proved in the same way as the classical one. 

Proof. If a G HomK( y ){K(x, y), A" alg ), we have X x a = X x and hence a fixes 
x by the assumption on x. Thus we have K{x) C K(y). □ 

Remark 4.3. The author does not know whether the equality tul/k — Cl/k 
remains true in the case where the residue field of K is imperfect. 

4.2 Comparison with Abbes and Saito's ramification the- 
ory 

In this subsection, we translate our results in Section [3] to the language of 
Abbes and Saito's ramification theory. Let K he a complete discrete valuation 
field with perfect residue field and L a finite separable extension of K. We define 
an ultra-metric norm on K by \z\ = 6 Vk1 ~ z \ where < 9 < 1 is a real number. 
Fix a generator x of Ol as an Ok -algebra. Let P be the minimal polynomial of 
x over K, x = Xi, . . . ,Xd the zeros of P in K. Define a surjection Ok[T] — » Ol 
by T i-> x. Then the formal completion B — * Ol of O k [T] -> O l , where 

B := lim K [T]/(P) r , is an embedding of O l . Let X m := X m (B -> £> L ) be the 

< r 

affinoid variety over T^T associated with this embedding. Note that X m (0 K *\ e ) 
— {z G 0#>i g | > m}. If the residue field of K is perfect, we can 

rewrite (Q„) for L/ K and any rational number m as follows: 

(Qm) For each z G X m (C^ai g ) ; t/iere exists a zero x of P in K which 
is K(z) -rational. 

For a zero x of P in if and rational number r > 0, the set {z £ K\\x — z\ < r} 
is connected space which contains x. Hence (R4J is rewritten as follows: 

(R m ) For each z G X m (Ox^s), there exists a zero x of P in K such 
that \x — z\ = rahii \z — Xi\ and \x — z\ < min^j \xi — Xj\. 

Since Abbes and Saito's filtration coincides with the classical one, we have 
ul/k = cl/k- Then we have the following proposition: 

Proposition 4.4. Let L be a finite Galois extension of K and m a rational 
number. Then we have the following relations: 

(i) If film) is true, then (Q m ) is true. 

(ii) If (Q m ) is true, then (R m+£ ) is true for any e > 0. 
In particular, we have the equality nriL/K — Cl/k- 

Proof . The above (i) is the special case of Proposition 14.11 (ii) follows from 
Proposition ^. 41 and the equality ul/k = c l/k- d 
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